Abstract. In this paper we obtain a classification of rigid isotopy classes of totally reducible trigonal curves lying on a Hirzebruch surface Σn, and having a maximal number of non-degenerated double points. Such curves correspond to morsifications of a totally real semiquasihomogeneous singularity of weight (3, 3n) (the union of three smooth real branches intersecting each other with multiplicity n). We obtain this classification by studying combinatorial properties of dessins.
In Section 1 we introduce dessins, a combinatorial tool encoding the geometry of trigonal curves lying on ruled surfaces. We restrain ourselves to the case of real trigonal curves lying on the Hirzebruch surfaces Σ n having 3 reducible real components and 3n non-degenerated double points. We refer to such curves as trigonal morsifications. They represent morsifications of quasihomogeneous singularities of weight (3, 3n) (the union of three smooth real branches intersecting each other with multiplicity n) in the real plane. We state combinatorial properties of the dessins associated to trigonal morsifications.
In Section 2 we introduce wiring diagrams, a sequential representation of the projective equivalence class of a trigonal morsification. We use wiring diagrams to state Theorem 2.6, which allow us to describe, in an inductive (on n) manner, all projective equivalence classes of trigonal morsifications. This description leads to the isotopy classification of trigonal morsifications.
Aditionally, we proved unicity for the rigid isotopy class of trigonal morsifications on Σ n whose wiring diagram has a maximal number of consecutive equal entries. We introduce Reidemeister moves as a topological operation on the real part of a morsification and we prove that such operation can be realized algebraically, and that for every n, there exists a unique isotopy class of trigonal morsification up to Reidemeister moves.
The Appendix A, by E. Shustin, is devoted to the semiquasihomogeneous case. We prove that any morsification of a totally real semiquasihomogeneous singularity of weight (3, 3n) (the union of three smooth real branches intersecting each other with multiplicity n) can be realized (up to isotopy) by a polynomial consisting of the restriction of the equation to the Newton diagram and adding monomials under the Newton diagram.
Trigonal curves and dessins
In this section we introduce trigonal curves and dessins, which are the principal tool we use in order to study trigonal morsifications on the Hirzebruch surfaces Σ n . The content of this chapter is based on the book [2] and the article [3] .
1.1. Ruled surfaces and trigonal curves.
Basic definitions.
A compact complex surface Σ is a (geometrically) ruled surface over a curve B if Σ is endowed with a projection π : Σ −→ B of fiber CP 1 as well as a special section E of non-positive self-intersection. Definition 1.1. A reducible trigonal curve is a curve C, lying in a ruled surface Σ such that C contains neither the exceptional section E nor a fiber as component, and the restriction π| C : C −→ B is a degree 3 map.
A trigonal curve C ⊂ Σ is proper if it does not intersect the exceptional section E. A singular fiber of a trigonal curve C ⊂ Σ is a fiber F of Σ intersecting C ∪ E geometrically in less than 4 points. 1.1.2. Deformations. We are interested in the study of trigonal curves up to deformation. In the real case, we consider the curves up to equivariant deformation (with respect to the action of the complex conjugation, cf. 1.1.6).
In the Kodaira-Spencer sense, a deformation of the quintuple (π : Σ −→ B, E, C) refers to an analytic space X −→ S fibered over an marked open disk S o endowed with analytic subspaces B, E, C ⊂ X such that for every s ∈ S, the fiber X s is diffeomorphic to Σ and the intersections B s := X s ∩B, E s := X s ∩E and C s := X s ∩C are diffeomorphic to B, E and C, respectively, and there exists a map π s : X s −→ B s making X s a geometrically ruled surface over B s with exceptional section E s , such that the diagram in Figure 1 commutes and (π o : X o −→ B o , E o , C o ) = (π : Σ −→ B, E, C).
πs| Cs diff.
πs π π| C diff. An elementary deformation X −→ S is equisingular if for every s ∈ S there exists a neighborhood U s ⊂ S of s such that for every singular fiber F of C, there exists a neighborhood V π(F ) ⊂ B of π(F ), where π(F ) is the only point with a singular fiber for every t ∈ U s . An elementary deformation over D 2 is a degeneration or perturbation if the restriction to D 2 \ {0} is equisingular and for a set of singular fibers F i there exists a neighborhood V π(Fi) ⊂ B where there are no points with a singular fiber for every t = 0. In this case we say that C t degenerates to C 0 or C 0 is perturbed to C t , for t = 0.
Weierstraß equations.
For a trigonal curve, the Weierstraß equations are an algebraic tool which allows us to study the behavior of the trigonal curve with respect to the zero section and the exceptional one. They give rise to an auxiliary morphism of j-invariant type, which plays an intermediary role between trigonal curves and dessins. Let C ⊂ Σ −→ B be a proper trigonal curve. Mapping a point b ∈ B of the base to the barycenter of the points in C ∩ F 0 B (weighted according to their multiplicity) defines a section B −→ Z ⊂ Σ called the zero section; it is disjoint from the exceptional section E.
The surface Σ can be seen as the projectivization of a rank 2 vector bundle, which splits as a direct sum of two line bundles such that the zero section Z corresponds to the projectivization of Y, one of the terms of this decomposition. In this context, the trigonal curve C can be described by a Weierstraß equation, which in suitable affine charts has the form (1)
where g 2 , g 3 are sections of Y 2 , Y 3 respectively, and x is an affine coordinate such that Z = {x = 0} and E = {x = ∞}. For this construction, we can identify Σ \ B with the total space of Y and take x as a local trivialization of this bundle. Nonetheless, the sections g 2 , g 3 are globally defined. The line bundle Y is determined by C. The sections g 2 , g 3 are determined up to change of variable defined by
Hence, the singular fibers of the trigonal curve C correspond to the points where the equation (1) has multiple roots, i.e., the zeros of the discriminant section
A Nagata transformation over a point b ∈ B changes the line bundle Y to Y ⊗ O B (b) and the sections g 2 and g 3 to s 2 g 2 and s 3 g 3 , where s ∈ H 0 (B, O B ) is any holomorphic function having a zero at b. Definition 1.3. Let C be a non-singular trigonal curve with Weierstraß model determined by the sections g 2 and g 3 as in (1) . The trigonal curve C is almost generic if every singular fiber corresponds to a simple root of the determinant section ∆ = −4g 3 2 − 27g 2 3 which is not a root of g 2 nor of g 3 . The trigonal curve C is generic if it is almost generic and the sections g 2 and g 3 have only simple roots.
1.1.4. The j-invariant. The j-invariant describes the relative position of four points in the complex projective line CP 1 . We describe some properties of the j-invariant in order to use them in the description of the dessins.
where λ is the cross-ratio of the quadruple (z 1 , z 2 , z 3 , z 4 ) defined as
The cross-ratio depends on the order of the points while the j-invariant does not. Since the cross-ratio λ is invariant under Möbius transformations, so is the j-invariant. When two points z i , z j coincide, the cross-ratio λ equals either 0, 1 or ∞, and the j-invariant equals ∞.
Let us consider a polynomial z 3 +g 2 z +g 3 . We define the j-invariant j(z 1 , z 2 , z 3 ) of its roots z 1 , z 2 , z 3 as j(z 1 , z 2 , z 3 , ∞). If ∆ = −4g 
A subset A of CP 1 is real if A is invariant under the complex conjugation. We say that A has a nontrivial symmetry if there is a nontrivial permutation of its elements which extends to a linear map z −→ az + b, a ∈ C * , b ∈ C.
Lemma 1.5 ([2]
). The set {z 1 , z 2 , z 3 } of roots of the polynomial z 3 + g 2 z + g 3 has a nontrivial symmetry if and only if its j-invariant equals 0 (for an order 3 symmetry) or 1 (for an order 2 symmetry).
Proposition 1.6 ([2]
). Assume that j(z 1 , z 2 , z 3 ) ∈ R. Then, the following holds
• The j-invariant j(z 1 , z 2 , z 3 ) < 1 if and only if the points z 1 , z 2 , z 3 form an isosceles triangle. The special angle seen as a function of the j-invariant is a increasing monotone function. This angle tends to 0 when j tends to −∞, equals π 3 at j = 0 and tends to π 2 when j approaches 1.
• The j-invariant j(z 1 , z 2 , z 3 ) ≥ 1 if and only if the points z 1 , z 2 , z 3 are collinear.The ratio between the lengths of the smallest segment and the longest segment z l z k seen as a function of the j-invariant is a decreasing monotone function. This ratio equals 1 when j equals 1, and 0 when j approaches ∞.
1.1.5. The j-invariant of a trigonal curve. Let C be a proper trigonal curve. We use the j-invariant defined for triples of complex numbers in order to define a meromorphic map j C on the base curve B. The map j C encodes the topology of the trigonal curve C. The map j C is called the j-invariant of the curve C and provides a correspondence between trigonal curves and dessins.
Definition 1.7. For a proper trigonal curve C, we define its j-invariant j C as the analytic continuation of the map
We call the trigonal curve C isotrivial if its j-invariant is constant.
If a proper trigonal curve C is given by a Weierstraß equation of the form (1), then
Theorem 1.8 ([2]
). Let B be a compact curve and j : B −→ CP 1 a non-constant meromorphic map. Up to Nagata equivalence, there exists a unique trigonal curve
Following the proof of the theorem, j B −→ CP 1 leads to a unique minimal proper trigonal curve C j , in the sense that any other trigonal curve with the same j-invariant can be obtained by positive Nagata transformations from C j .
An equisingular deformation C s , s ∈ S, of C leads to an analytic deformation of the couple (B s , j Cs ).
Corollary 1.9 ([2]
). Let (B, j) be a couple, where B is a compact curve and j : B −→ CP 1 is a non-constant meromorphic map. Then, any deformation of (B, j) results in a deformation of the minimal curve C j ⊂ Σ −→ B associated to j.
The j-invariant of a generic trigonal curve C ⊂ Σ −→ B has degree deg(j C ) = 6d, where d = −E 2 . A positive Nagata transformation increases d by one while leaving j C invariant. The j-invariant of a generic trigonal curve C has a ramification index equal to 3, 2 or 1 at every point b ∈ B such that j C (b) equals 0, 1 or ∞, respectively. We can assume, up to perturbation, that every critical value of j C is simple. In this case we say that j C has a generic branching behavior.
1.1.6. Real trigonal curves. We are mostly interested in real trigonal curves. A real structure on a complex variety X is an anti-holomorphic involution c : X −→ X. We define a real variety as a couple (X, c), where c is a real structure on a complex variety X. We denote by X R the fixed point set of the involution c and we call X R the set of real points of c.
A geometrically ruled surface π : Σ −→ B is real if there exist real structures c Σ : Σ −→ Σ and c B : B −→ B compatible with the projection π, i.e., such that π • c Σ = c B • π. We assume the exceptional section is real in the sense that it is invariant by conjugation, i.e., c Σ (E) = E. Put π R := π| Σ R : Σ R −→ B R . Since the exceptional section is real, the fixed point set of every fiber is not empty, implying that the real structure on the fiber is isomorphic to the standard complex conjugation on CP 1 . Hence all the fibers of π R are isomorphic to RP 1 . Thus, the map π R establishes a bijection between the connected components of the real part Σ R of the surface Σ and the connected components of the real part B R of the curve B. Every connected component of Σ R is homeomorphic either to a torus or to a Klein bottle. If a real trigonal curve is proper, then Y is real as well as its j-invariant, seen as a morphism j C : (B, c B ) −→ (CP 1 , z −→z), where z −→z denotes the standard complex conjugation on CP 1 . In addition, the sections g 2 and g 3 can be chosen real.
Let us consider the restriction π| C R : C R −→ B R . We put
has generically a fiber with three elements. The trigonal curve C is hyperbolic if its real part is non-empty and all the connected components of B R are hyperbolic.
1.2. Dessins. The dessins d'enfants were introduced by A. Grothendieck (cf. [7] ) in order to study the action of the absolute Galois group. We use a modified version of dessins d'enfants which was proposed by S. Orevkov [6] .
1.2.1. Trichotomic graphs. Let S be a compact connected topological surface. A graph D on the surface S is a graph embedded into the surface and considered as a subset D ⊂ S. We denote by Cut(D) the cut of S along D, i.e., the disjoint union of the closure of connected components of S \ D. (
every essential vertex is incident to at least 2 edges, (3) every monochrome vertex is incident to at least 3 edges, (4) the orientations of the edges of D form an orientation of the boundary ∂ Cut(D) which is compatible with an orientation on Cut(D), (5) all edges incident to a monochrome vertex are of the same color, (6) ×-vertices are incident to incoming dotted edges and outgoing solid edges, (7) •-vertices are incident to incoming solid edges and outgoing bold edges, (8) •-vertices are incident to incoming bold edges and outgoing dotted edges.
Let D ⊂ S be a trichotomic graph. A region R is an element of of Cut(D). The boundary ∂R of R contains n = 3k essential vertices. A region with n essential vertices on its boundary is called an n-gonal region. We denote by D solid , D bold , D dotted the monochrome parts of D, i.e., the sets of vertices and edges of the specific color. On the set of vertices of a specific color, we define the relation u v if there is a monochrome path from u to v, i.e., a path formed entirely of edge of the same color. We call the graph D admissible if the relation is a partial order, equivalently, if there are no directed monochrome cycles. In the inverse sense, let S be a compact surface, which can be non-orientable or can have non-empty boundary. Let D ⊂ S be a trichotomic graph on S. Consider its complex double covering S −→ S (cf. [1] for details), which has a real structure given by the deck transformation, and put D ⊂ S the inverse image of D. The graph D is a graph on S invariant by the deck transformation. We use these constructions in order to identify real trichotomic graphs on real surfaces with their images on the quotient surface. The last theorem together with the Riemann existence theorem provides the next corollaries, for the complex and real settings.
Corollary 1.19 ([2]
). Let D ⊂ S be a dessin on a compact closed orientable surface S. Then there exists a complex structure on S and a holomorphic map
Moreover, this structure is unique up to deformation of the complex structure on S and the map j in the Kodaira-Spencer sense.
Corollary 1.20 ([2]
). Let D ⊂ S be a dessin on a compact surface S. Then there exists a complex structure on its double cover S and a holomorphic map j : S −→ CP 1 such that j is real with respect to the real structure c of S and Dssn c (j) = D. Moreover, this structure is unique up to equivariant deformation of the complex structure on S and the map j in the Kodaira-Spencer sense.
Deformations of dessins.
In this section we describe the notions of deformations which allow us to associate classes of non-isotrivial trigonal curves and classes of dessins, up to deformations and equivalences that we explicit. 
Corollary 1.25 ([2]
). Let S be a complex compact curve, j : S −→ CP 1 a nonconstant holomorphic map, and let
Due to Theorem 1.24, the deformation j t given by Corollaries 1.25 and 1.26 is equisingular in the sense of Definition 1.23 if and only if all perturbations and degenerations of the dessins on the chain D 0 , D 1 , . . . , D n are equisingular.
1.3. Trigonal curves and their dessins. In this section we describe an equivalence between dessins.
1.3.1. Correspondence theorems. Let C ⊂ Σ −→ B be a non-isotrivial proper trigonal curve. We associate to C the dessin corresponding to its j-invariant Dssn(C) := Dssn(j C ) ⊂ B. In the case when C is a real trigonal curve we associate to C the real dessin corresponding to its j-invariant, Dssn c (C) := Dssn(j C ) ⊂ B/c B , where c B is the real structure of the base curve B.
So far, we have focused on one direction of the correspondences: we start with a trigonal curve C, consider its j-invariant and construct the dessin associated to it. Now, we study the opposite direction. Let us consider a dessin D on a topological orientable closed surface S. By Corollary 1.19, there exist a complex structure B on S and a holomorphic map j D : B −→ CP 1 such that Dssn(j D ) = D. By Theorem 1.8 and Corollary 1.9 there exists a trigonal curve C having j D as j-invariant; such a curve is unique up to deformation in the class of trigonal curves with fixed dessin. Moreover, due to Corollary 1.25, any sequence of isotopies, perturbations and degenerations of dessins gives rise to a piecewise-analytic deformation of trigonal curves, which is singular if and only if all perturbations and degenerations are.
In the real framework, let (S, c) a compact close oriented topological surface endowed with a orientation-reversing involution. Let D be a real dessin on (S, c). By Corollary 1.20, there exists a real structure (B, c B ) on (S, c) and a real map
By Theorem 1.8, Corollary 1.9 and the remarks made in Section 1.1.6, there exists a real trigonal curve C having j D as j-invariant; such a curve is unique up to equivariant deformation in the class of real trigonal curves with fixed dessin. Furthermore, due to Corollary 1.26, any sequence of isotopies, perturbations and degenerations of dessins Analyzing 'events of codimension one', one can see that, after a homeomorphism, two reduced dessins can be connected by a sequence of isotopies and/or equisingular perturbations and degenerations if and only if they are equivalent in the sense of the above definition. In the complex case, the only move required is the monochrome modification, Figure 4 .1(a). For generic real dessins, the set of moves is restricted to gives rise to a piecewise-analytic equivariant deformation of real trigonal curves, which is equisingular if and only if all perturbations and degenerations are. This definition is meant so that two reduced dessins are elementary equivalent if and only if they can be connected up to homeomorphism by a sequence of isotopies, equisingular perturbations and degenerations.
The following theorems establish the equivalences between the deformation classes of trigonal curves we are interested in and elementary equivalence classes of certain dessins. We use these links to obtain different classifications of curves via the combinatorial study of dessins. This correspondences can be extended to trigonal curves with more general singular fibers (see [2] ).
Moreover, we refer to the dotted monochrome components as hyperbolic components.
1.4.
Toiles. Within the moduli space of trigonal curves of fixed degree, generic trigonal curves are smooth and the discriminant (i.e., the set of singular trigonal curves, cf. [4] ) has a stratification which we can describe by means of dessins. Singular proper trigonal curves have singular dessins and the singular points are represented by singular vertices. A generic singular trigonal curve C has exactly one singular point, which is a non-degenerate double point (node). Moreover, if C is a proper trigonal curve, then the double point on it is represented by a ×-vertex of index 2 on its dessin. In addition, if C has a real structure, the double point is real and so is its corresponding vertex, leading to the cases where the ×-vertex of index 2 has dotted real edges (representing the intersection of two real branches) or has solid real edges (representing one isolated real point, which is the intersection of two complex conjugated branches). Since a real dessin on (CP 1 , z −→z) descends to the quotient, we represent toiles on the disk.
In a real dessin, there are two types of real nodal vertices, namely, vertices having either real solid edges and interior dotted edges, or dotted real edges and interior solid edges. We call isolated nodes of a dessin D thoses ×-vertices of index 2 corresponding to the former case and non-isolated nodes those corresponding to the latter. Definition 1.32. Given a dessin D, a subgraph Γ ⊂ D is a cut if it consists of a single interior edge connecting two real monochrome vertices. An axe is an interior edge of a dessin connecting a ×-vertex of index 2 and a real monochrome vertex.
Let us consider a dessin D lying on a surface S having a cut or an axe T . Assume that T divides S and consider the connected components S 1 and S 2 of S \ T . Then, we can define two dessins D 1 , D 2 , each lying on the compact surface S i ⊂ S, respectively for i = 1, 2, and determined by
connected, we define the surface S = (S \T ) T 1 T 2 /ϕ 1 , ϕ 2 , where ϕ i : T i −→ S is the inclusion of one copy T i of T into S, and the dessin D := (D\T ) T 1 T 2 /ϕ 1 , ϕ 2 .
By these means, a dessin having a cut or an axe determines either two other dessins of smaller degree or a dessin lying on a surface with a smaller fundamental group. Moreover, in the case of an axe, the resulting dessins have one singular vertex less. Considering the inverse process, we call D the gluing of D 1 and D 2 along T or the gluing of D with itself along T 1 and T 2 . Definition 1.33. Let C ⊂ Σ be a nodal proper trigonal curve with nodes n 1 , n 2 , . . . , n l . Consider a Weierstraß model of C determined by sections g 2 and g 3 . We say that the trigonal curve C is almost generic if every singular fiber different from the fiber at π(n i ) corresponds to a simple root of the determinant section ∆ = −4g which is not a root of g 2 nor of g 3 . The nodal trigonal curve C is generic if it is almost generic and the sections g 2 and g 3 only have simple roots. Definition 1.34. Given a real dessin D and a vertex v ∈ Ver(D), we call the depth of v the minimal number n such that there exists an undirected inner chain v 0 , . . . , v n in D from v 0 = v to a real vertex v n and we denote the depth of v by dp(v). The depth of a dessin D is defined as the maximum of the depth of the black and white vertices of D and it is denoted by dp(D). Analogously to a cut, cutting a dessin D ⊂ S by a generalized cut produces two dessins of lower degree or a dessin of the same degree in a surface with a simpler topology, depending on whether the inner chain divides or not the surface S. 
Proposition 1.38 ([5]
). Let D be a toile of degree at least 6 and depth at most 1. Then, there exists a toile D weakly equivalent to D such that D has a generalized cut. Moreover, if D has isolated real nodal ×-vertices, the generalized cut is dotted or a solid axe.
Trigonal morsifications on Hirzebruch surfaces
Definition 2.1. A trigonal morsification on Σ n is a hyperbolic trigonal curve on Σ n having as singular points exactly 3n real nodal points.
Henceforth, we only consider trigonal morsifications on the Hirzebruch surfaces Σ n .
Wiring diagrams.
Given a morsification C and a real white vertex v ∈ Dssn(C), we associate to v a sequence (a i ) 3n i=1 in the following way. First, let us fix an orientation of the real part of the dessin. Then, enumerate accordingly the set of nodal ×-vertices as {u 1 , u 2 , . . . , u 3n }. Lastly, put the number a i = 1 if the arc (v, u i ) has an even number of white vertices, and a i = 2 otherwise.
Since the elementary moves of dessins do not modify the parity of segment between nodal ×-vertices, this sequence is well defined in the equivalence class of dessins.
If n is odd, the sequence (a 3n−i ) 3n i=1 corresponds to the opposite orientation. On the other hand, if n is even, the sequence (a i ) 3n i=1 , with a i = 3−a 3n−i , corresponds to the opposite orientation. We say that two sequences (a i )
We call the wiring diagram of D with respect to v the sequence (a i ) 3n i=1 associated to v up to equivalence.
We put σ m ∈ S m as the permutation
and we define σ 3n · (a i ) 3n i=1 as the sequence given by (a σ3n(i) ) 3n i=1 for n even, or by the sequence
for n odd. We say that two sequences (a i ) Proof. Fix an orientation of RP 2 , the boundary of D. Let k and l be the number of nodal ×-vertices and white vertices, respectively, in the arc
the wiring diagrams of D with respect to v and v , respectively. If n is even, then a j = a j if l is even or a j = 3 − a j if l is odd, for 1 ≤ j ≤ 3n. If n is odd, then a j = a j , 1 ≤ j ≤ 3n − k and a j = 3 − a j , 3n − k < j if l is even or a j = 3 − a j , 1 ≤ j ≤ 3n − k and a j = a j , 3n − k < j if l is odd. Therefore, we have that (a i )
, depending whether l is even or odd, respectively. Definition 2.3. Given a morsification C on Σ n , we define as the wiring diagram of C the projective equivalence class of the wiring diagram of Dssn(D) with respect to any real white vertex. Given a sequence (a i ) 3n i=1 , we define its length vector as the vector o whose i-th entry o i correspond to the length of the i-th maximal set of indexes I i = {i 0 , i 0 + 1, . . . , i 0 + o i } such that a j = a l , ∀j, l ∈ I i . The vector o is an ordered partition of 3n. We denote by o(a i ) the entry in o correponding to the maximal set of indexes containing i.
Given a projective equivalence class of a sequence (a i ) 3n i=1 , we define its cyclic length vector as the length vector o of a projective equivalent sequence (a i ) 3n i=1 such that a 1 = a 3n if n is even, or such that a 1 = a 3n if n is odd. (If such a sequence does not exist, we put its cyclic length vector as (3n)). We consider this vector o as an element of Z m / < σ m , τ m >, where τ m ∈ S m is the permutation
so in that manner, it does not depend on the representative of the projective equivalent class. 
be two sequences such that they have the same cyclic lenght vector o. After a shifting σ k 3n , k ∈ {0, 1, ..., 3n−1} and a permutation τ l 3n , l ∈ {0, 1}, the sequences (a i )
2.2. Decomposition of dessins and wiring diagrams. Due to Proposition 1.38, the dessin associated to a morfisication C ⊂ Σ n is elementary equivalent to the gluing of n cubic dessins. There are two kinds of gluings: through a dotted cut (see Figure 3a) or through a solid generalized cut (see Figure 3b) .
In the case the gluing is though a dotted cut, the dessin D of a morsification is elementary equivalent to the gluing D − H * * * , where H * * * is the hyperbolic cubic dessin corresponding to three real lines in general position in RP 2 , after a strict transform with respect to the blow up of a point in RP With this property in mind, we define the following operation on sequences. Given a sequence (a i ) 1 , a 2 , . . . , a n , 1, 2, 1) if a n = 1, (a 1 , a 2 , . . . , a n , 2, 1, 2) if a n = 2, 1 , a 2 , . . . , a n , 2, 1, 2) if a n = 1, (a 1 , a 2 , . . . , a n , 1, 2, 1) if a n = 2.
These function are not invariant under the action of σ 3n . Theorem 2.6. Every wiring diagram ω of a morsification can be obtained as the projective equivalent class of a sequence of operations η • , η × and shifts of the wiring diagram (1, 2, 1) , i.e., there exist η i ∈ {η • , η × }, k i ∈ N, i = 1, 2, . . . n − 1 such that ω is the projective equivalence class of the sequence 1, 2, 1) . Proof. Let C be a trigonal morsification such that ω is its wiring diagram. Let D = Dssn(C) be its dessin. By Proposition 1.38, the dessin D is elementary equivalent to a dessin having a decomposition D 3n−3 − D 3 , where D 3n−3 and D 3 are dessins of degree 3n − 3 and 3, respectively. Fix a white vertex v ∈ Ver(D) and an orientation on the real part of D such that ω is written as the wiring diagram of D with respect to v.
Let k n−1 the number of nodal ×-vertices in the arc (v, u), where u is the vertex on the generalized cut passing from D 3 to D 3n−3 with respect to the aforementioned order of the real part of the dessin D.
Let η n−1 be the operation η • if D 3 is the cubic dessin H * * * or the operation η × if D 3 is the cubic dessin I * * 2 . In the latter case, we contract the solid segment of D 3n−3 to obtain the dessin D 3n−3 of a morsification of degree 3n − 3. We iterate this decomposition n − 1 times. In the eventual case where the last cubic dessin has a resulting wiring diagram (2, 1, 2), we add one to k 1 in order to obtain the desire decomposition.
Corollary 2.7. If C is a morsification of degree 3n, then, all the entries on its cyclic length vector are less or equal to n.
Moreover, if its cyclic length vector has n as an entry, then, the wiring diagram of C is the only projective equivalence class with cyclic length vector (1, n, 1, 2, 2, . . . , 2 n−1 times.
)
Proof. We proceed by induction on n. For n = 1, there is a unique deformation class of morsifications in Σ 1 , corresponding to the strict transform of three lines in RP 2 in general position, after the blow-up of a point which does not lie in any line. Let us assume that n > 1 and the statement holds for n − 1. Let ω be the wiring diagram of C. By Theorem 2.6, we have that ω can be obtained as the projective equivalence class of η n−1 (a i ) 2, 1) . Denote by o the cyclic length vector of ω and by o n−1 the cyclic length vector of the projective equivalence class of (a i )
In the case when η n−1 = η • , we have that o(a 3n−3 ), the entry in o corresponding to a 3n−3 , increases at most by 1 since η • concatenates to the sequence exactly one more element that equals a 3n−3 . Also, the entry o(a 1 ) ≤ o n−1 (a 1 ) + 1. Equality holds when a 1 = a 3n−3 and n − 1 is odd or when a 1 = a 3n−3 and n − 1 is even. Every other entry in o either comes from an entry in o n−1 unaffected by η n−1 or is the entry 1 corresponding to the middle number in the added elements. Therefore, since every entry in o n−1 is at most n − 1, then every entry in o is at most n.
Moreover, if o(a 3n−3 ) or o(a 1 ) equals n, then o n−1 (a 3n−3 ) or o n−1 (a 1 ) equals n − 1. By the induction hypothesis, we have that a 3n−3 , a 1 are distinct for n − 1 even, or equal for n − 1 odd and that either o n−1 (a 3n−3 ) = n − 1, o n−1 (a 1 ) = 1, or o n−1 (a 3n−3 ) = 1, o n−1 (a 1 ) = n − 1, respectively. Therefore, in both cases o(a 3n−3 ) = o n−1 (a 3n−3 ) + 1 and o(a 1 ) = o n−1 (a 1 ) + 1. Thus, the cyclic length vector o equals (1, n, 1, 2, 2 , . . . , 2)
In the case when η n−1 = η × , we have that o(a 3n−3 ) cannot increase since η × concatenates to the sequence an element that differs from a 3n−3 . The entry o(a 1 ) ≤ o n−1 (a 1 ) + 1. Equality holds when a 1 = a 3n−3 and n − 1 is even or when a 1 = a 3n−3 and n − 1 is odd. Every other entry in o either comes from an entry in o n−1 unaffected by η n−1 or is the entry 1 corresponding to the middle number in the added elements. Therefore, since every entry in o n−1 is at most n − 1, then every entry in o is at most n. We cannot have that o(a 1 ) = n. Indeed, if o(a 1 ) = n, then o n−1 (a 1 ) = n − 1 and a 1 = a 3n−3 if n − 1 is even or a 1 = a 3n−3 if n − 1 is odd. On the other hand, since o(a 1 ) = n and only the last element in η × (a i )
add to it, then a 1 = a 2 = · · · = a n−1 . Then, the fact that a 1 = a 3n−3 if n − 1 is even or a 1 = a 3n−3 if n − 1 is odd, implies that the entry o n−1 (a 1 ) ≥ n, which is a contradiction.
It was remarked that in degree 3 the wiring diagram (1, 1, 1, 2, 2, 2, 1, 1, 1) does not exist. Indeed, its cyclic length vector being (3, 3, 3) does not correspond to a morsification. Definition 2.8. Let M ⊂ Σ n be a trigonal morsification and let X ⊂ RΣ n −→ RP 1 be a topological subspace. If there exists an arc α ⊂ RP 1 such that (RΣ n | RP 1 \α , X) is homeomorphic to (RΣ n | RP 1 \α , M ), and (RΣ n | α , X), (RΣ n | α , M ) are homeomorphic to the curves in Figure 4 , we say that X is obtained from M by a Reidemeister move.
A trigonal morsification M ⊂ Σ n is said to be obtained from M by a Reidemeister move if RM ⊂ RΣ n is.
We say that two trigonal morsifications M, M ⊂ Σ n are Reidemeister equivalent if there exists a chain M 0 = M, M 1 , . . . , M k = M of trigonal morsifications such that M i is obtained from M i−1 by a Reidemeister move, for i = 1, 2, . . . , k.
Corollary 2.9. Let M ⊂ Σ n be a trigonal morsification. If X ⊂ RΣ n is obtainbed from M by a Reidemeister move, then, there exists a trigonal morsification M ⊂ Σ n such that (RΣ n , X) ∼ = (RΣ n , RM ).
Proof. Let us consider n ≥ 2 since the statement holds trivially for n = 1. Let D ⊂ CP 1 /(z −→z) be the dessins associated to M . Let us consider the segment S α ⊂ D corresponding to the arc α ⊂ RP 1 such that (RΣ n | α , X) and (RΣ n | α , M ) are homeomorphic to the curves in Figure 4 .
We can assume D is bridge-free (see [5, Lemma 2.3] ). Let us denote by n 1 , n 2 , n 3 the ×-vertices in S α corresponding to the nodal vertices. Up to elementary moves of type •-in, we can assume there is exactly one real white vertex w 12 neighbouring n 1 and n 2 and exactly one real white vertex w 23 neighbouring n 2 and n 3 (see Figure 5) . Up to monochrome modification, the vertices n 1 , w 12 , n 2 , w 23 and n 3 are adjacent to an inner black vertex b.
If n 1 and n 3 have neighboring white vertices w 1 = w 12 and w 3 = w 23 , the creation of an inner bold monochrome vertex adjacent to w 1 , b and w 3 bring us to the configuration shown in Figure 6a .
Otherwise, if there is a monochrome vertex m adjacent to n 1 or n 3 , up to an elementary move of type •-in, the vertex m is connected to an inner white vertex w. Up to a monochrome modification, the vertex w is adjacent to b. Then, up to the creation of a dotted bridge or a monochrome modification, the dessin D has a subgraph shown in Figure 6b .
In each case, replacing this subgraph with the alternative one in Figure 6 produces a dessin D whose correponding trigonal curve M ⊂ Σ n is a morsification such that (RΣ n , X) ∼ = (RΣ n , RM ) since outside the segment S α there are no changes and within the segment S α the parity of the number of white vertices in the dotted segments neighboring n 1 and n 3 changed. Proof. We prove that every trigonal morsification M ⊂ Σ n is Reidemeister equivalent to the trigonal morsification M * whose wiring diagram is ω * n := η n−1 × (1, 2, 1). Let us remark that ω * n is invariant under the action of σ 3n , for all n, and the fact that a Reidemeister move on a morsification change a block of entries of its wiring diagram of the form (1, 2, 1) for a block of the form (2, 1, 2) and vice versa. Therefore, for every i, we have that the morsifications corresponding to η i • σ A.1. Main result. By a singularity we always mean a germ (C, z) ⊂ C 2 of a plane reduced analytic curve at its singular point z. Irreducible components of the germ (C, z) are called branches of (C, z). Let f (x, y) = 0 be an (analytic) equation of (C, z), where f is defined in the closed ball B(z, ε) ⊂ C 2 of radius ε > 0 centered at z. The ball B(z, ε) is called the Milnor ball of (C, z) (and is denoted in the sequel B C,z ) if z is the only singular point of C in B(z, ε), and ∂B(z, η) intersects C transversally for all 0 < η ≤ ε. A nodal deformation of a singularity (C, z) is a family of analytic curves C t = {f t (x, y) = 0}, where f t (x, y) is analytic in x, y, t for (x, y) ∈ B(C, z) and t varying in an open disc D ζ ⊂ C of some radius ζ > 0 centered at zero, and where C 0 = C, C t is smooth along ∂B C,z , intersects ∂B C,z trasversally for all t ∈ D ζ , the curve C t has only ordinary nodes in B C,z for any t = 0, and the number of nodes does not depend on t. The maximal number of nodes in a nodal deformation of (C, z) in B equals δ(C, z), the δ-invariant (see, for instance, [11, §10] ).
Let (C, z) be a totally real singularity, i.e., invariant with respect to the complex conjugation, with z ∈ C a real singular point and all branches real. Let C t = {f t (x, y) = 0}, t ∈ D ζ , be an equivariant 1 nodal deformation of a real singularity (C, z). Its restriction to t ∈ [0, ζ) is called a real nodal deformation. A real nodal deformation is called a real morsification of (C, z) if any C t , t > 0, has δ(C, z) hyperbolic real nodes (i.e., intersection points of two smooth transverse real branches).
Denote by T R (3, 3n) the class of real plane curve singularities having three real smooth branches intersecting each other with multiplicity n.
Theorem A.1. Let (C, 0) ⊂ B(0, ε) ⊂ C 2 be a germ of a real plane curve singularity of type T R (3, 3n), given by an analytic equation
Here and further on, equivariant means commuting with the complex conjugation. Figure 6 where f 3n is squarefree, and let F t (x, y), |t| < η, be a morsification of the given singularity (C, 0) (respectively having 3n hyperbolic nodes in B R (0, ε) for each 0 < t < η). Then there exists a polynomial
a ij x i y j such that {G = 0}∩B(0, ε) is equivariantly isotopic to any curve {F t = 0}∩B(0, ε), |t| < η, relative to ∂B(0, ε).
In the proof, we explore the idea originated in the proof of [13, Corollary] (3, 3n) , and (C , z) is a real quasihomogeneous singularity of type T R (3, 3n) obtained from (C, z) by a sufficiently small equisingular deformation, then the set of isotopy types of morsifications of (C, z) is naturally included into the set of isotopy types of morsifications of (C , z). Indeed, if, in the notation of Theorem A.1, a morsification of (C, z) = {f 3n = 0} is isotopic to {G = 0} ∩ B(z, ε), where
then a small variation of the factors of G(x, y) preserves all real nodes of the curve {G = 0}, and hence its equivariant isotopy type.
A.2. Proof of Theorem A.1.
A.2.1. Part I. We start with reducing the problem to the independence of simultaneous morsifications of singularities of a real curve given by a polynomial with the the Newton polygon under the line {i + nj = 3n}.
(1) Observe that there exits α such that after the coordinate change (x, y) → (x, y + αx n ), the coefficients of f 3n satisfy the relation (6) 9a 3n,0 − a n,2 a 2n,1 = 0 .
Indeed, the above coordinate change turns the left-hand side of (6) into 2α(3a 2n,1 − a 2 n,2 ) + 9a 3n,0 − a 2n,1 a n,2 , which vanishes identically only if f 3n is the cube of a binomial against our assumptions. Since the coordinate change we used does not affect the statement of proposition, we can assume that (6) holds.
(2) For a given
there exist analytic functions α(t), β 0 (t), ..., β n−1 (t) vanishing at zero such that F t (x + α(t), y + β 0 (t) + β 1 (t)x + ... + β n−1 (t)x n−1 ) does not contain the monomials y 2 , ..., x n−1 y 2 , and x 3n−1 . Indeed, the required property reduces to a system of equations on α, β 1 , ..., β n−1 with the Jacobian at t = 0 equal to 3 n−1 (9a 3n,0 − a n,2 a 2n,1 ), non-vanishing according to (6) . Thus, without loss of generality, we can assume that
Since F t = 0 has no singularity of type T R (3, 3n) as t = 0, we get i+nj<3n |b ij (t)| > 0 for t = 0. Hence, for a fixed c 0 > 0, there exists a positive function τ (t) on the interval (0, η) such that
In view of (7), lim t→0 τ (t) = ∞. Thus, in the family
the first sum converges to zero, while the second one converges to f 3n (x, y) as t → 0. Moreover, by (8) , there exists a sequence t m → 0, m = 1, 2, ..., such that the third sum in (9) converges as well so that
where i+nj<3n |a ij | = c 0 > 0 and a 0,2 = ... = a n−1,2 = a 3n−1,0 = 0 .
Suppose that c 0 > 0 is chosen so that the curve {R(x, y) = 0} ⊂ C 2 is smooth outside B(0, ε) and intersects with all spheres ∂B(0, ζ), ζ ≥ ε, transversally. Thus, by construction we have: (R1) {R(x, y) = 0} has no singularity of type T R (3, 3n) in B(0, ε), and each its singular point is a center of two or three smooth real branches; furthermore, since the singularities of {R = 0} admit a deformation into 3n nodes in total, R(x, y) splits into the product of (y − Q 1 (x))(y − Q 2 (x))(y − Q 3 (x)), where deg Q i = n, i = 1, 2, 3; (R2) there exists an equivariant analytic deformation of {R(x, y) = 0}, simultaneously realizing morsifications of all singular points of {R = 0} so that the resulting curve in B(0, ε) is equivariantly isotopic to {F t (x, y) = 0}∩B(0, ε), t > 0, relative to ∂B(0, ε).
Denote by P(k) ⊂ C[x, y] the linear subspace spanned by the monomials x i y j with i + nj = k, and put
So, we will complete the proof of Theorem A.1 when showing that the germ at R of the affine space R + P (3n−1) induces one-parameter deformations simultaneously realizing morsifications of prescribed isotopy types for all singular points of the curve {R = 0} ∩ B(0, ε). We shall prove this fact by induction on n. For n = 1, we have a D 4 singularity, for which the statement is evident. The induction step splits into several cases treated below. Before proceeding further on, we make one more coordinate change (x, y) → (x, y + αx n ), which annihilates the coefficient of x n y 2 , i.e., leads to (10) i+nj<3n |a ij | = c 0 > 0 and a 0,2 = ... = a n−1,2 = a n,2 = 0 , while, of course, preserving the properties (R1), (R2).
of { R = 0}. Hence the deformation of R(x, y) given by R t (x, y) := x 2m R t (x, x −m y), 0 ≤ t < η, simultaneously realizes morsifications of prescribed isotopy types for all the singularities of { R = 0}, while keeping the singularity of type T R (3, 3m) at the origin. By the induction assumption, Theorem A.1 and Remark A.2 apply to the singularity at the origin of { R t0 = 0} (with some fixed 0 < t 0 < η), which means that for any chosen morsification of the singularity of { R = 0} at the origin, there exists a real polynomial P (x, y) with Newton triangle Conv{(0, 0), (3m, 0), (0, 3)}, the same truncation of the edge [(3m, 0), (0, 3)] as R t0 (x, y), and such that the curve {P = 0} ∩ B(0, ε) is nodal and equivariantly isotopic to the chosen morsification in B(0, ε) (relative to ∂B(0, ε)). By [14, Theorems 3.1 and 4.1(1)], we can "patchwork the polynomials R t0 (x, y) and P (x, y) and obtain a family of real polynomials with Newton triangle Conv{(0, 0), (3n, 0), (0, 3)} simultaneously realizing morsifications of prescribed isotopy types for all the singularities of the original curve {R = 0}.
A.2.4. Part IV. So, we are left with the case of the curve C(R) having only double singular points, i.e. points of intersection of two local smooth real branches. We shall show that, in this case, the linear system |3D| on the Hirzebruch surface F n induces a joint versal deformation of all singular points of the curve C(R) ⊂ F n .
(1) It is well-known that a versal deformation of each point (x 0 , y 0 ) ∈ Sing(C(R)) is generated by any basis of the linear space C{x − x 0 , y − y 0 }/ R, R x , R y , where C{ * , * } denotes the ring of locally convergent power series, and R, R x , R y is the Tjurina ideal (generated by R, R x , R y ). Hence, it is enough to prove the surjectivity of the following two projections: C{x − x 0 , y − y 0 }/ R, R x , R y , pr 2 : P 3n → C[x, y]/ R, R x , R y .
To prove the surjectivity of pr 1 , introduce the zero-dimensional subscheme Z of the Hirzebruch surface F n , concentrated at Sing(C(R)) and defined by the local Tjurina ideal at each point. Then we have an exact sequence of sheaves = (x0,y0)∈Sing({R=0}) C{x − x 0 , y − y 0 }/ R, R x , R y , which, in fact, yields that pr 1 is an isomorphism.
(2) Now we prove the surjectivity of pr 2 . Since R(x, 0) ≡ 0 and C(R) is the union of three smooth real sections, there exist x 0 , x ∞ ∈ R such that R(x 0 , 0) = 0 and R(x ∞ , 0) = 0. Performing an equivariant automorphism of the base of F n , we can set x 0 = 0, x ∞ = ∞, while keeping the property (10) . Note, that then f 3n (x, y) = y 3 + a 2n,1 x 2n y + a 3n,0 x 3n with a 2n,1 a 3n,0 = 0, since F 3n splits into three real factors. Write Observe that k s > 0 and f n,y = 0, that is, (13) a 0,0 = R(0, 0) = 0 and a 0,1 = R y (0, 0) = 0 .
The former relation -by construction, the latter relation -due to (10) and the absence of triple singular points.
Since f 3n is square-free, the derivatives f 3n,x ∈ P(3n − 1) and f 3n,y ∈ P(2n) are coprime. Hence, any polynomial in P (4n−1) is congruent to a polynomial in P (4n−2) modulo R x , R y .
Notice that f 3n,x = 2na 2n,1 x 2n−1 y + 3na 3n,0 x 3n−1 = nx 2n−1 g, g = 2a 2n,1 y + 3a 3n,0 x n .
To show that (14) P(m) ≡ P (m−1) mod R, R x , R y for all 3n ≤ m ≤ 4n − 2 , which is equivalent to the surjectivity of pr 2 , we construct a finite sequence of polynomials R i ∈ R, R x , R y , i ≥ 1, such that the final polynomial R p (x, y) has the leading (1, n)-homogeneous form (15) g k = ax k−n y + bx k ∈ g , k < 3n − 1 .
Since (see (10)) f 3n,y = 3y 2 + a 2n,1 x 2n , f 3n,x = 2na 2n,1 x 2n−1 y + 3na 3n,0 x 3n−1 , P(m) = Span{x m−3n y 3 , x m−2n y 2 , x m−n x m−n y, x k }, 3n ≤ m ≤ 4n − 2 .
relation (15) will imply that P(m) = P(m−2n)·f 3n,y +P(m−3n+1)·f 3n,x +P(m−k)·g k , 3n ≤ m ≤ 4n−2 , and hence (14) . We start with the required sequence {R i (x, y)} i≥1 . If k 1 = 3n − 1 and f k1 ∈ g , then we can perform a coordinate change (x, y) → (x + α, y), which annihilates the form f 3n−1 , but does not affect the properties (R1), (R2), and (10). Thus, we can assume that (16) either f k1 ∈ g , or k 1 = 3n − d, d ≥ 2, f k1 ∈ g .
Euler's identities 3nf 3n = xf 3n,x + nyf 3n,y and k 1 f k1 = xf k1,x + nyf k1,y yield (17) R 1 (x, y) := 3nR(x, y)−xR x (x, y)−nR y (x, y) = (3n−k 1 )f k1 + i≥2 (3n−k i )f ki .
The former option in (16) leads to the situation of (15) with g k1 = f k1 , and hence to (14) as required. So, assume now that f k1 ∈ g , k 1 = 3n−d, d ≥ 2. Starting with the polynomials R 0 := R x and R 1 , we perform the following operation. Suppose that, for some i ≥ 0, we have a couple of polynomials R i (x, y), R i+1 (x, y), containing only monomials of type x k , x l y, having the highest (1, n)-quasihomegenelous forms λ i x mi g and λ i+1 x mi+1 g, respectively, where λ i λ i+1 = 0. If, say, m i ≥ m i+1 , we define R i+2 = λ i+1 R i − λ i x mi−mi+1 R i . If the leading form of R i+2 does not belong to g , we are done (se the above argument). If R i+2 ≡ 0, and the leading form of R i+2 belongs to g , then we arrive to the pair R i+1 , R i+2 with the total degree m i+1 + m i+2 < m i + m i+1 . In the worst case, we end up with some R m (x, y) ≡ 0, which means that R x (x, y) = P 1 (x)Q(x, y), R 1 = P 2 (x)Q(x, y) , where Q(x, y) = x m g(x, y)+ It follows from (13) that P 2 (0) = 0, and hence R 1 (x, 0) has the root x = 0 of some multiplicity r > 0, while R x (x, 0) has the root x = 0 with multiplicity at least r. However, this contradicts the fact that 3nR(x, 0) = (xR x (x, y) + nyR y (x, y) + R 1 (x, y)) y=0 = xR x (x, 0) + R 1 (x, 0) has the root x = 0 of multiplicity r. The proof of Theorem A.1 is completed.
